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Abstract 

We continue the study of quantum electrodynamics on a three dimensional torus as the limit 
of a lattice gauge theory. In this paper we give a preliminary treatment of the renormalization 
group flow. We study the propagators which arise under multiple block spin averaging, both in 
global and local versions. We also study low order perturbation theory. However we do not control 
remainders. This is left to the more complete treatment of the following paper. 
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1 Global flow 



1 . 1 overview 

In this paper we continue our analysis of QED on the 3-torus which was begun in paper I In 
that paper we explained the first step consisting of a a renormalization group (RG) transformation 
followed by a split into regions with large and small gauge fields. In this paper we study multiple 
RG transformations as much as possible without the split into regions of large and small fields. The 
emphasis is on studying the propagators which arise under multiple block spin averaging, both in global 
and localized versions. We also study low order perturbation theory, but as yet without estimating 
remainders. The paper is preliminary to paper III j2j in which we also incorporate the split into large 
and small fields at each step. This gives the full expansion and gives an expression for the eff'ective 
action on any length scale. The expression exhibits the contribution of low order perturbation theory 
and controls the remainder. 

The analysis starts with a field theory on a toroidal lattice T^j^ = L'^Z^ / L'^'^I? with spacmg 
and volume L'^*^. Our goal is to gain some control over the N ^ oo limit for fixed M. We start 
by scaling the theory up to T^^j^^ which has unit spacing and volume L'^(*^+^^. The density for the 
theory is then 

Po(*o, ^o) = exp (^-^(^0, (-A + fil)Ao) ~ (*o, {Deo{A) + mo)*o) - vq ~ Sq^ (1) 

Here the gauge fields Ao — {Ao^p(x)} are real numbers indexed by a; G T^+m ^'^'^ A* = (I7 2, 3). The 
fermi fields = {^'0,0(2;)} and '^o = {^0,0(2;)} are the generators of a Grassmann algebra and are 
indexed by x £ and spinor indices a = (1, . . . , 4). The operator A is the lattice Laplacian and 

Deo (A) the lattice Dirac operator with gauge field A. The coupling constant eo, fermion mass mg, 
and boson mass /xq are scaled versions of their bare values e, m, /i : 



eo 



= L-^/^e mo=L-^m fio = fi (2) 



Finally vq is a fermion mass counterterm and Sq is a vacuum energy counterterm. The counterterms 
play no role in the present paper and are set equal to zero. See paper I for more details. 

To analyze this expression we perform a number of renormalization group (RG) transformations 
consisting of averaging operation followed by scalings back to the unit lattice. We get a sequence 
of densities po,pi,p2, ■ ■■■ The density pk is defined on fields '^k,Ak on ^^N^M-k- The sequence is 
generated by 

PA;+l(*fc+l,^fc+l) 

= J K+lM^klub^^P (^~~\Ak+l,L - QAkf - -^|*fc+l,L - Qe,(A'J*fepj Pfe(*fc, A) dAk 

(3) 

Here scaling up by L is defined by 

Al{x) ={g\A)(x) = L-^'^A{L-^x) 



(4) 



X) 



so that ^k+i,LTAk+i^L are fields on Tjy+jvf-fc The operators Q,Qe^{A'i,) average over blocks of side L 
and also take us to fields on Tjy^j^^^^. For fermions this has the gauge covariant form 

{QMmiy)=L-^ E exp(zefcA',(r,,))vE'(x) (5) 

\x-y\<L/2 
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Here = L '=)/2g jg a running coupling constant, the gauge field A'^, is either Ak or some modifi- 
cation to be specified, and Ty^ is a standard path from x to y. We are using the notation 

The normalization constants are chosen so that 

j Pk+i{^k+i,Ak+i)(M!k+idAk+i = j Pk{'^k,Ak)(M!kdAk (7) 



That is 



V a / (8) 



We want to study pk as k ^ N. 

Before proceeding we recall our indebtedness to the papers of Balaban and collaborators: - [T^ . 

1.2 bosons 
1.2.1 

Let us start by dropping the fermions and study the effect of repeated RG transformations for the 
bosons. If we do the intermediate integrals and scale down we find the the following formula 



(9) 



y J]dA,A/;-+\^,exp (^^^^\A,+i,L ~ QA,f^ exp (^~^{Ao,i-A + f,l)Ao)^ FiAo) 

= J ^kI exp (- yl^fe - QkA\^ - \{A, (-A + ^,l)A)^ F{AL^)dA 

Here we are integrating over functions A on '^^\j^[_k ^^"^ inner product is 

{A, A) - = / \A{x)\''dx (10) 

The operator Qk is an averaging operator on this space taking us to functions on the unit lattice 
'^%+M^k given by 



{QkA)^,{y)= / A^,{x)dx (11) 

J\x^y\<l/2 

With (Jl = cr\ it satisfies 

Qk+i='JL-^Q Qk<JL (12) 
The numbers ak obey the recursion equation ak+i = aak/{ak + o,/ L"^) which has the solution 

1 -L- 



= ( ^ 7^ ) « (13) 



The quadratic form {A, (—A + p\)A) is the scaled version of (Aq, (—A + p^)Aq) and has mass pk 
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The formula lO is proved by induction. It comes down to the exphcit calculation of the Gaussian 
integral 



which we carry out in appendix 1X1 
1.2.2 

To evaluate integrals such as those on the right side of ^ we use the identity 



(14) 



/ Kl, exp (-y l^fe - QkA\' ~ \{A, (-A + ) f{A)dA 

--Zk cxp (^-i(Afe,AfeAfc)^ j fiA + HkAk) dfiG,{A) 



(15) 



Here we have defined 
and 



A* = -A + ^l+akQlQk (16) 
Gk =(Af )-i 

Hk ^ak{A*)-^Ql (17) 
Ak =akI-alQk{A*)-'Ql 

The operators A^jGfc act on functions on T^*j^^^_j., Tik maps functions on T^^j^^ ^, to functions 
on and A^ is an operator on functions on ^%^M-k ■ have also defined fiCk to be the 

Gaussian measure with covariance Gk- 

To prove (jl5|l make transformation A ^ A + TikAk- This diagonalizes the quadratic form and 
gives —^{Ak,AkAk) — ^{A, Af A), whence the result with 

Zk^M^jJe-i^^'(-^t^^UA (18) 

1.2.3 

As a special case we take f{A) = exp(i(^, J)) and consider the generating function 



MAk, J)^J f^kX e^P (- yl^'^ - Sfe^P - \{A, {-A + f^DA) + z( J, A)^ dA 
Using lfTS|l and / exp{i{A, J))d^Ck{A) — exp(— 1/2( J, Gfe J)) this is evaluated as 



(19) 



nk{Ak,J) = Zfccxp ( ~^{Ak,AkAk)) - ^{J,GkJ) + t{J,nkAk) ] (20) 



We can also take it one step at a time. Using (fn|) we have 

flk+iiAk+i, J)= J ■^fc'+i^aCxp (^-^^\Ak+i,L - QAkl'^'^ nk{Ak,al-iJ)dAk 



(21) 
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To evaluate we introduce 

a ^ (22) 
Hk = j-^CkQ 

Now insert (|2()|l into (|21(l and make the transformation Ak ^ + HkAk+i.L to diagonalize the 
quadratic form. The integral over Ak becomes a Gaussian integral with covariance Ck ■ Carry out the 
integral and compare the resulting expression with (|2U|I for n,k+i{Ak+i, J). We find that 

Gfc+i —c72^{Gk + HfeCfeH^)(cr^^)^ 
A.+i ^,QCkQ^ ) 



(23) 



(for fc = the conventions are Gq ^ 0, Hq = I, and Aq = —A + /ig ) We also have 

Zk+i = Zk f^k+i,a J e-^(^-^^"-^^)dAfc (24) 

1.2.4 

As an operator on functions on '^p/'^M-k' propagator Gk has a kernel Gk{x,x') defined so that 
{Gkf){x) — J Gk{x,x')f{x')dx' where again the integral means the weighted sum. Since crj^-i = 
L~'^(7l for bosons and {a2^Gk<JL)ix, x') — L^Gk{Lx, Lx') and we can write (|23|l as 

Gk+i{x, x') = L{Gk{Lx, Lx') + {UkCkUDiLx, Lx')) (25) 

If we iterate this we find 

Gk{x,x') ^^L^-^Cj{L^-^x,L^-^x') (26) 

where 

Q = n,c,n'^ (27) 

The operators Hj, Cj,Cj have kernels which satisfy for x, x' G ^^j^u-k v' ^ ^%+M-k ^ 

\Hj{x, v% \dn,{x, y%<0{l) eM-0{l)d{x, y)) 

\C,{y,y')\ <0(l)exp(-0(l)%,2/')) (28) 
\Cj{x, x')\ <0(1) exp(-C'(l)rf(a:, x')) 

These are proved by Balaban in j^, but one may prefer to use the methods of lli-ij . 
Using this in 1)26(1 leads to the estimates 

I , < r 0(l)d(x,a;')-ie-««'^(-'-') x^x' 

(29) 

,„„ , M, ^ r C)(l)d(a;.:E')"'e-'^(i)'^(^'^') x ^ x' 
\dGk{x^x)\<^ 0(L^^) x = x' 

(To see the short distance bound divide the sum into terms satisfying L''~^d{x,x') < 1 and the 
complement.) 

The function Gk{x,x') is our basic photon propagator after k steps. This estimate shows the 
exponential decay whose origin is an effective mass from Qj^Qk, and the characteristic short distant 
singularity d{x, x')^^ . 

^In our notation 0(1) allows L dependence. We do however note that in the second and third bounds the 0(1) in 
the exponent is actually 0{L~^). 
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1.3 fermions 
1.3.1 

Next we want to do something similar for fermions. For an arbitrary element F{^!o) in the Grassmann 
algebra generated by we claim that 

. fe-i 



3=0 ^ ^ 

= J dVM-]^exp(-5fe|^'fe-Qfc(A-ix-i,---,A.L-'=)V'P) 
exp (-(V;, (ZJeJA.L-O + mk)^^)) F(V'L'=) 

(30) 

Here on the left side instead of Qej{A'j) we have taken Qej{QjAj) where Aj is for the moment an 

arbitrary function on T^/^M-j ^^'^ Qj averaging operator which brings the field up to T^_j_^^_^-. 
The averaging operator is not the same as Qj , but given by 

{Q3^)M^ I ^(r^,u[x,x + e^]ur,+e^,j,+ej (3i) 

J\x-y\<l/2 

where .4(r) indicates the integral along the contour F. For a scalar A on ^^s+M-j 

{QM + d\))M = + Ky) - X{y + e^) (32) 

so this averaging is gauge covariant. 

On the right side of (|30|l we are integrating over tp on ^^'^^M-k- ^^'^ multiple averaging operators 
Qfc(afe-i, • ■ ■ , ao) depend on fields ak-i, . . . , ao all on T^'^^^ ^,. They are defined recursively by 

Qfc+i(afc, • ■ • , flo) = cr^-i QekiQkak.L) Qkiak-i,L, ■ ■ ■ ,aox) <^L (33) 

where a^, . . . , oq are all on and ctl = cr^. An explicit expression is given in Appendix IXI 

The numbers bk obey 

(34) 



1~L- 



(35) 



The form {ip, {De^{A) + rnkjip) has the Dirac operator on fjjl^^.j_k and mass ruk = L ^^m. 
The formula (|3U|I is again proved by induction. It comes down to the Gaussian integral 

/ d'^kMll. ^Mll^ exp - QeMkAk)^k?^ 

exp (-fofcl^-fc - Sfe(A-i,L-i, . . . ,^o.l-'=)V'l|^) 
= -^fe+i.b,+i exp (-6/c+i|*/c+i - Qk+i{Ak,L-^,. ■ . , A,L-''-i)^l^) 
which we prove in Appendix fXl 

1.3.2 

We specialize to the case where all the fields are scalings of the last. For any A on "^^^M-k^ ^^t 
Aj — Ai^k-j . Then on the right side of H30() we identify 

Qk{A) = Qk{A,...,A) (36) 
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From appendix IXI 

J\x-y\<l/2 

k~i (37) 

Now assume that e/j|9y^| is sufficiently small. Then we claim that an integral like the right side of 
(|30|l with Qk{A) can be evaluated as 

d^jM^l exp - Qfe(^)V'P) exp (-(^, {D,^ (A) + TOfc)V)) fW 

r (38) 



Here 

DfiA) = D{A) + mk + bkQki-AfQkiA) (39) 
Under the conditions on efc|9,4| this operator is invertible (about which more later) and we define 

Sk{A) ^D*{A)-' 

fb,SkiA)Qki-Ar onM/, 
""'^''^^[bkS.iAVQkiAV on^. ^''^ 
Dk{A) =bk - blQk{A)Sk{A)Qk{-Af 

Also J[. . .]dijLSk(A){'4') is the fermion Gaussian integral with covariance Sk{A). 

To prove (jHSII make the transformation -0 — > + Ti.k{A)'^k and similarly for ip. This diagonalizes 
the quadratic form and gives {^k, Dk{A)'i'k) + {ip , of {A)iIj) , whence the result with 

ZkiA) = A^^]^ I e-'^^'^'tW^)^ (41) 

All these objects are gauge covariant. In particular for a scalar A on T^*j_j^^_^ 

Sk{A + d\) = e-"'^^Sk{A)e''>'^ (42) 

1.3.3 

We specifically consider the generating function 

VtkiA, 77) = j d^Mll^ - QMW) exp (-(V^, {D,, [A] + mfc)^)) e^^^-'^^+W'^'') (43) 

where 77,77 are elements of an auxiliary Grassmann algebra indexed by Using H38|l and 

/ exp((77, t/i) + (■0, ?7))(i/^5j,(_4-)(?/;) = exp((?7, S'fc(^)7;)) this can be evaluated as 

nk{A^k,v) = Zfc(^)exp(-(*fc,i?fe(^)*fc) + {f],nk{A)^k) + {nk{A)^k,ri) + {f],Sk{A)ri)) (44) 

We can also take it one step at a time. By (|35ll we have for A on '^]^^^m -k-i 

^lk+li.A-^k+1,^)^ j M^l^^,CXp(^-^\^!k+l,L-QeMkAL)^k\'^nk{AL,^k,{^L~^f'n) (45) 
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Put in the expression for flk and evaluate this by introducing 

b 



^^(^)^^^r,(^)Q,,(-&^r on VP, (46) 



and making the transformation vj/fc '^k + Hk{AL)'^k+i,L and similarly for ^k- We get an alternative 
expression for Qk+i and by comparing we find 

Sk+i (A) ^<Jl\Sk {Al ) + Hk {ALjTk {AM (ALf){alY 
Hk+iiA) =(Tl^rLk{AL)Hk{AL)aL 



Dk+l{A) =^tI ( T - ^QeAQkAL)Tk{AL)QeA'QkALf ) CTL 



(47) 

L L 

(The convention is that So{A) = Q,T-io{A) = /, and Do{A) = D^aiA) + toq-) We also find that 

Zk+M) = ZMl) Mll^^.j e-(*-r.M.)-*.)^^^ (48) 

1.3.4 

For the kernels we can rewrite (I47II as 

Sk+M, x,x')^ {Sk {Al , Lx, Lx') + {Uu {AL)Tk (^l)^^ {AlY) {Lx, Lx')) (49) 
Here we have used (cr^^)"^ — L^^gl for fermions. Iterating this yields 

Su{A,x,x') ^^L^'^^-^^fj{AL>^-o]L^~^x,L^~-^x') (50) 
i=o 

where 

t,{A)=n,{A)^M)'>iM)^ (51) 

provided all the operators exist. 

Balaban, O'CarroU, and Schor show for A on T^'^j(f_j, that if ek\dA\ is sufficiently small then 
Sk{A),rLk{A),Tk{A) all exist and 

|Hfc(A X, v)\ <0{1) exp(-0(l)d(x, y)) 

\Tk{Ay,y')\ <0(l)exp(-0(l)%,y')) (52) 
|f fc(A a;, x')\ <0{1) exp(-0(l)d(a;, a;')) 



For ^ = this can be found in 13*. For ^ ^ it is a special case of results in and section |31 If 

-3 

N+M-j 



A on T^^^,j_j, has efc|9^| sufficiently small, then ej\dALk-j \ on T^''^^,j_^ is even smaller by a factor 



of L ■'^/^ so we can use ()50|l to obtain the bound 



, r 0(l)d(x,x')-2e-'^(i)'^(-'-') 
|5.(A-,-)l<| (53) 



The function Sk {A, x, x') is our basic fermion propagator with background field A. The estimate shows 
the characteristic short distant singularity d{x,x')~'^. 
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1.4 global flow 

Now we combine the steps for bosons and fcrmions and make a first pass at the global flow. Our goal 
is not yet complete control. We just want to introduce some notation and establish some identities. 

We repeatedly apply the basic transformation Q with fermion averaging operator Qe_^{A'f.) taken 
to be QckiQkAk) with Ak = TLkAu- This choice of Ak is made to match the background field at the 
fc*'' step. Then we have 



= y"ndA,AA^+\,,exp {-l^\A,+i,L ~ QAj\''^ exp (^-i(Ao, (-A + ^^^^^^^ 
fc-i / h \ 

\{ d-^jM-l^ ^ exp ( --|*,+i,L - Qe,{Q3Aj)-^j\^ j exp (-(^-o, [DeMo) + mo)*o)) 
Integrating out the intermediate fermions by we have 

Pki^k.Ak) = j J] dA,A/;:^.\,, exp - QA,f j exp [~\{A^. (-A + A^g)^o)) 

di^Mll^ exp (-fofcl^-fc - Qfc(A-i.L-i, ■ • . , A,L-'=)'/'n exp (-(V^, peJA.L-") + ™fc)V')) 



(54) 



(55) 



We cannot now integrate out the intermediate boson fields, but we can successively apply the transfor- 
mations Aj — > Aj + HjAj+i for j = 0, . . . , fc — 1 and use the identities (|23|l . Under the transformation 
on Aj we have Aj Aj + Aj+i^L- Under all subsequent transformations we have Aj J2i=j •Ai,L'-3 
and thus {Aj)]^-(k-j} A* i. defined by 

fe 

■^Ik = J2{■^^)L-i>'-^) (56) 

Thus we obtain 

Pk{'ifk,Ak) ^ Zkexp(~-{Ak,AkAk)] p*ki^k,Ak) (57) 



where 



pli^k,Ak) = J M,,l^exp{-bk\^k- QkiAl_i^k,---,^lk)^\' 



fc-i (58) 
exp {-{'^, {De, {Alk) + rrikW) H {A^) 

3=0 



Next for Ui on T^^J^^_^, define a*j. = J2i=j ^^d a potential Vk{'^k,ip, Ofc, • • • , Qq) by 
=&fc|^'fc - Qfc(afc)V'P + i^, De, {ak)ip) + Vfc(«'fe, V", a/c, • • • , ao) 



(59) 



Note that Vki'^k, ip, Ofe, 0, • ■ • ,0) = 0. If we evaluate at — {Ai)i^-(k-i) for i = 0, . . . , fc we get the 
argument of the exponential in H58|) . Thus 



pli^k.Ak)^ J M^l^exp {-bkl^k ~ Qk{Ak)i^\^ - {ij,D,MkW) 

k-i (60) 
exp (-Vfc(*A;,i/', A, A-i,L~i, • • • , A,L-'=)) 0^-0 n ^A*C,(^j) 



J=0 
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Now if we assume efe|9^fc| is sufficiently small we can evaluate the fermion integral by H38f) . (This 
assumption would not be suitable for iteration.) Defining ipkiAk) = 'Hk{Ak)'^k this yields 



where for ip.A onT ^ 



pl{^k.Ak) = Zfe(A)cxp(-(^'fe,z?fc(A)*fc)K(*fc,^fc(A), A) (61) 

— k 

N+M-k 



» k-l 

pl(-^k.^.A)= j exp(-Vfc(^'fc,V + V'',AA-i,L-i,--- ,A,L-0))c«/^s.(>t)(V'') H'^^c.C^j) (62) 

Note that pl.{'^ k^i^kiAk), Ak) is actually just a function of "^k.Ak but we find it convenient to keep 
track of the dependence in the variables 4*^, V'fc(-4fc), Ak- This will be especially useful for local versions 
later on. 

Putting everything together we have 

Pfe(*fe, A-) = ZfcZfe(A)exp (^-i(Afe,AfcAfc) - {^k,Dk{Ak)^k)^ p^(*fc, Vfc(A), A) (63) 

This separates off a kinematic part, and we now proceed to the study p'(^'fc, V'fc(A)A) which is the 
interaction part. 

1.5 perturbation theory 

For perturbation theory we introduce a parameter t and define instead of H58|l 

2\ 



pl{t,^u,Ak)= j M^l^e^Y'{-hu\^^-Qu{Al_,^^{t),...,AlAm 

k-1 (64) 
exp (-(Vi, {D,^{Al^{t)) + mfe)^/.)) dij [| d^icMi) 

j=o 

where 

k-1 

Al,it)=Ak + tJ2{A^)L-i.-^^ (65) 

These reduce to the previous quantities at < = 1. We continue to assume efe|9^fe| is sufficiently small, 
repeat the steps in the last section, and find 

p^(i,*fe, A) = Zk{Ak)eM-(^k,Dk{Ak)-^k))pl{t,'^k,M-^k),Ak) (66) 

where 

. k-1 

pl{t,^k,i^,A) ^ / exp(-Vfc(i'fc,v + V'',AiA-i,L-i,--- ,tA,L~>')))d^is,(A)i'4'')'[[d^lcAA]) 

(67) 

We study p*(i) = pl{t, ^p,A) att=l by expanding it around t = 0: p* (1) = p'(0) + (/o')'(O) + 
(/9*)"(0)/2 + . . . Write as p* (t) =< exp(— Vfc(t) > where < • • • > indicates the Gaussian integrals. 
Then p'(0) =< exp(-Vfc(0) >= 1 since Vfc(O) = and (p')fc(O) =< -V(.(0) >= since each term in 
V'(0) is odd in some boson field. Thus the first non-trivial term (/9*)"(0)/2 which we study further. 
(This is also the first non-zero term an expansion of the effective potential log(p'(l)) around t = 0. ) 

Accordingly we define 

Pk{^k,^,A) ^ lipino) = i < >-l< V"(0) > (68) 
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The t derivatives can be evaluated as Uj derivatives and we also use 



Aj^L'ik-s){z)Aj^L-(''-s){w)dfic^{Aj) ^ L" ^CjiL" ^z^L" ^w) = C^- ^-cfc-,) (z, (69) 
Then the boson fluctuation integrals can be evaluated as 

k — 1 

-^E / A /u% A ^k,i^ + i'',A,0)C^,L-i.^.^iz,w)dtis,iA){^') 
^f^o-J Saj{z)6aj{w) 

Now do the fermion Gaussian integral, drop the no fermion part from and call the rest P^, and 
we find 

Pk{'^k,'4',A) J J'kj{z)Cj^L-ik-j){z,w)Jkj{w) ~ J Jkj{z,w)CjL-(k-j){z,w) 

"E / >^kjix,z)SkiA;x,y)]Ckj{y,w) CjL^(k-j){z,w) 

where the vertices are 

Jkj{z) = AO) Jkjiz,w) = f^J' (vl/fc>,AO) 

oaj(z) oaj{z)oaj(w) 



The terms in H71|l can be labeled by Feynman diagrams, see paper I. 

We study JkjA^) = dVk/daj^^{z) further. This has two parts JkjA^) = + '^kiJ^). The 

classical part is 



(73) 



=iefc V(^)(^7^)exp(iefcL '=^^(z))VX2; + L '^e^) 



-icfc V(^ + i~''e,0(^^^)exp(-iefeL M^(z))7/'(2:) 

The term is independent of j. If this were the only contribution we could resum and get the full 
boson propagator X)^=o l-C'-j) = Gk as in H26(l . Note that as A: = ^ oo it approaches the usual 
continuum current ieip{z)j^ip{z). 

The other part is an artifact of our renormalization group procedure. It is 

d 

^kj.p^i^) (^^'=1*'= " Qk{A + al_j^ ,^_j^, . . . ,A + ao^k-l)^\^\ak-l=0,-,ao=0 

Q (74) 
=^ ^bk\-^k ~ Qk{A,...,A,A + aj,...,A + aj)^P\^\a^=o 

where there are j + 1 entries with A + aj. 
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Similar expressions hold for the other vertices in H72|) . 

The expression has no uhraviolet divergences, i.e. it is bounded as fc ^ oo. This is true in this 
global version even without the counterterms. In paper III we prove it for a local version, and in that 
case the counterterms are needed. 



1.6 single steps 

We want to get an identity relating Pj^ and Pil_^_i, and this means investigating how the densities 
change under a single RG transformation. 
Start with the identity 

r b ~ \ ('^^ 

exp ( --|*fe+i,L - QeAQk{Ak+i.L + tAk))-i'k\^ j p*k{t,^k,Ak+ix+tAk) 

This can be proved by inserting the definition of p'^{t) on the right and using (|35|l . We also use that 
replacing Ak by Ak+i.L + tAk has the effect of replacing A* ,^{t) by [A* f.^i{t)]L- 

We would like to insert into this the expression (|61l) giving p* in terms of a further reduced density 
p* , and get a recursion relation for p'. However this expression for is only valid with restrictions 
on Ak which we cannot assume in the integral. For the moment we proceed formally. 

Inserting H61|l into H75|l we have 



(76) 



(77) 



Pfe+i(<,*fc+i,A+i) = J d^k dMc.(^fe)A^fe+i,f,exp (^-^l^^ - QeAQk{A + tAk))'i'k\ 
exp {-{^k,Dk{A + tAk)'fk)) Zk{A + tAk)p'k{t, 'ifk,MA + tAk), A + tAk)\ *=*,+i,^ 

Now define Vk, Uk^SHk by 

14(*, A, Ak) =-^1* - QeAQkiA + A))*fcP + (*fc, DkiA + A)*fc) - {A- - 0} 

ZkiA + Ak) =Zk{A)eM~UkiA,Ak)) 
SHk iA,Ak)=nk{A + Ak)-nk (A) 

We obtain 

Pfc+i(i7*fc+i, A+i) 

=Zk{A) I dpcMk)M^l^ ,cxp (^-i|^'-Q,JQ,^)5-,|2 _ {^,,Dk{A)-^k)^ (78) 
exp(-\4.(«',*fc, A tAk) - UkiA,tAk)) p'k{t,'^k,ipkiA) + SHkiA, tAk)'^k,A + tAk)\ *=*fc+i.i 

Now make the translation '^k ^ "^k + i?fc(^)* = + *(^) This means that ipk{Ak+ix) 
[ipk+i{Ak+i)]L + iJk{Ak+i,L)- Using l(T7|l and (|^ and identifying a Gaussian measure we find 

Pk+i (t^ *fc+i > V'fe+i {Ak+i) , Ak+i) 
= J dpruA){'^k) dpcAAk)exp{-Vk{'f,'i/iA) + ^k,A,tAk)-Uk{A,tAk)) (79) 
pl(t, ^{A) + [^fc+i(A+i)]L + MA) + 5Hk{A, tAk){-^{A) + ^k), A + tAk)\ *=*,+i.i 

A—Ah+i,L 

This is our recursion relation for p* {t). 
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Now take two derivatives of the last equation at t — and obtain 



^ ^ ^^'^ -(VI/, ^{A) + ^k.A, 0)Cfc(z, w) ^ (VI/, -^[A) + vffc, A m^dw dtir.iA) (^fc) (80) 



2 7 aA(^) 



9A(^«) 



1 



where . . . indicates no-fermion terms. Next we carry out the fermion integrals and drop the no fermion 
terms to get the expression 

P+^^ (^-fe+i , Vfc+i ( A+1 ) ,Ak+i) 
= [P^inA), [^k+i{Ak+i)]L, A) - iAl^P,)+i^{A), [^k+i{Ak+i)]L, A) 

(81) 



+7; / Jk{z)Ck{z,w)Jkiw) - Jk{z,w)Ck{z,w) 

^ J z,w 

- / Kk{z, x)Tk{A; X, y)Kk{w, y)Ck{z, w) 



where the single step vertices are 
dVk 



Jk{z) 



dAk{z) 



Kk{z,x) = 



d-^k{x)dAkAz) 
and the notation is 

{AlPk){-^[A), [^fc+i(A.+i)]L, A) 



(*,*(A,AO) Jk{z,w) 



(^-,^(^,^0) Kk{z,x) 



dAk{z)dAk{w 
~ d^'k{x)dAkA^) 



■(VI/, VI/ (A, AO) 



(82) 



{^,^{A),A,Q) 



■ ^Tk{A,x,y) 



Pk{^{A) + [^-^+1(^+1)]^ + nk{A)^k, A) 



(83) 



The equation H81(l is the basic identity we are after. Although the derivation was formal we show 
in appendix IbI that it is rigorously true provided efe+i|9A+i| is sufficiently small. 



We also need a variation of H81|l in which vertices are localized in a region 8 C ^-^-^M-k- 
define p\ ^{t) just as in but now with A* ^{t) replaced by 



k-l 



Alkit,0) = Ak + txeJ2(.^'^) 



L-C^-i) 



First 



(84) 



where xe is the characteristic function of Q. Then pX eit) = ^fc(^fc) exp(— (vfj,, Di,(A)^'fe))p* e(*) 
where p* Q{t) defined as in H67|l except that tAj i^-{k-j) is replaced by txeAj i^-ik-j) . Defining q — 
Ke)"(0)/2wefind 



Pk,ei'^k,il',A) / Jkj{z)C^L-(k-j){z,w)Jkj{w)~Jkj{z,w)CjL-ik-j){z,w) 



fc-i 

E 

3=0 



(85) 



ICkj {z, x)SkiA; x, y)ICkj (w, y) Cj i^-(k-f) {z, w) 
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One can also proceed in single steps. One shows for 6 C '^'tJ^-^M^k-i P*k+i e(^) ^^"^ P*k Le(^) 
are formally related by an equation like (|79|l except that under the integral sign tAk is everywhere 
replaced by txeAk- Taking two derivatives at i = yields the identity 

Pk+iA'^k+i,i'k+i{Ak+i),Ak+i) 
PkLei'^i^)^ [^fc+i(A+i)]L, A) - {^l^Pkxe)+{-^{A), [V-^+iCA+OIl, A) 



Jk{z)Ck{z,w)Jk{w) - Jk{z,w)Ck{z,w) 



(86) 



/ ^Kkiz,x)rkiA;x,y)Kkiw,y)Cki 



z, w) 



* = *fc + l,I, 

-I A=Ak+i.L 



Again the derivation is formal, but the result is rigorous by the argument of appendix IBI 



15 



2 Localized flow 



2.1 blocking 

We also want to consider a version of our RG transformation in which the averaging is not done on 
the whole torus, but in a sequence of successively smaller regions. The treatment follows Balaban, 
O'CarroU, and Schor jJJ. A difference is that they do not make the initial scaling to a unit lattice 
as in 1^. This means they are working up from a finer to a coarser lattice, whereas we are working 
down from a coarser to a finer lattice. 

First we define some blocking and unblocking operations. For C C T° we defined a blocked 
set Bn c T° by 

Bn = {x e T° : d{x, n) < L/2} (87) 

Then QA on Q depends on A on Bfl, written {QA)n = QiAsn)- A set A C T° has the form Bfl iff 
it is a union of L-blocks in T^j centered on points in T,\ 
For A C we also define an unblocked A' C T,\ by 

A' = [/A = A n (88) 

We have always UBn = il. li A ^ Bil then BUA = A. Note that if A C 1° then BLA C T°+i and 
L-'^UA C T'l_i. More generally we define for A C T^^ 

BiA ^{BLfA c T° ^ 

1 , n (89) 

U,A={L-^uYA(zTI^i 

We have UiB^A = A. 

Our regions will be a sequence of the form 

A= (Ao,...,Afe_i) (90) 

where Aj C T^^t+m-j is a union of LMo = blocks centered on T"j!^''+^;_^, mo > 1. We assume 

the sets are decreasing in the sense that they satisfy one of the equivalent 

BiAj+i c Aj Aj c C/iAj_i = L-^A'^_^ (91) 

We also assume that for some positive integer r 

d{{L-^A'^_,r,A,)>rMo (92) 

whenever both subsets are non-empty. This insures that the corridor between successive regions is at 
least a few Mq blocks wide. 
We define in T%^M_i 

6A, = L-^K_, - A, (93) 
Then with the convention A^ = we have the disjoint union 

A, = utj+iS»-,'5A, (94) 

2.2 bosons 

We want a generalization of the formula lO for bosons in which the averaging over Aj is only done in 
the region Aj . The starting point is 

Jj[dA,^A,M-},j,,^^exp (^-^±\A,+,,L ~ QA,\l,^ exp (^-^{Ao,{-A + f^DAo)^ F{Ao) (95) 
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where J^A.a = {271 / a)^^^^/^ . Break this up by ((Mj) 



1 a 
2 

fe /la \ (^^^ 

Change the order of the products 11^=0 IliLj+i — IliLi Ilj^o ^-nd evaluate the integral over SAi by 



/i—l 
A n 



i=o ^ ^ (97) 



I5A, 



= j dAa^B^SK^M^l^ ,^^ exp (-y 1^1 - Q»^o,L 
This follows from ()208|l in the appendix, and then becomes 

/ H-^^A-.a. exp - Q.Ao.i-.|L.) exp (-^(^o, (-A + Mo)^o)) i^(Ao)dAo,Ao (98) 

Next scale Aq = Aj^k for ^ on T^^^^ j, and define Q^'^'' = QiCr^~\ which is a z-fold averaging operator 
from Tpf'ij^j^k to Then we have that H98|l is equal to 



/ n-^^A-,a,exp(-||A,-QfU|L,) (-\{A,i-A + ^il)A)] fiA)dAi^-.A, (99) 
where /(^) = F{A[^k). In this formula the spectator variables Aq ^c appear as A^-k^^ = {AQ A<^)]^-k. 

We introduce some notation. Let 

A' =(^l,5Ai , Ak,SA^ ) 

2fcA-^-((2i'U)M,,--- ,(Qi'U)Mj ^^^^^ 

Note that since A^. = we have Af^sAk = ^k.L-^-A'^, ^- These are multiscale objects consisting of 
functions living on subsets SAi C ^ norm on such objects is given by 

k 

|A'p^^K,A.|2 (101) 

i=l 

We also define a — (ai , . . . , a^) and Mj^ ^ — HiLi '^SAi at ■ Then can be written 

/ ^Ala^^P - Qk.AM') (-^(A(-A + /4)^)) f{A)dAL-kA, (102) 



To evaluate this integral we again diagonalize the quadratic form, this time separating the variables 
{Aq^a^, -A') or {A^-kAc, A') from A^-kAg- Accordingly we introduce 

^Ja = -^ + ^'- + <A"2,,a (103) 
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and with A = (Aq^A" , A') 



A=L-'=An 



(104) 



Note that ^ vanishes on functions on L ^K'^ and thus maps to functions on L '"'Aq. Making 

the change of variables A^-fcAo ~^ •^l-''Ao + '^k A^ ^"^^ thai pU2|l can be written 



where 



"Ao 



(105) 



(106) 



Our final identity is then (|95|l — pU5|) . We are particularly interested in F = 1 in which case the 
identity reads 



j \{dAj,A^N^},f^,^^e^V (-~\A,+^^L - QA,\l,^ exp f ~i(Ao, (-A + a^^)Ao 



^fc,A exp (^-i(A,A, ,v^)) 



(107) 



2.3 fermions 

For fermions pick a fixed background A on Tj^*^^^_^ and consider integrals of the form 

|n^vi/^,A,A^z-A^..e^p(-^i^.+i.i-o(2.-^L-^)*.ii) ^^Qg^ 

exp (-(*o, (i:'eo(^LO + mo)«'o)) F(*o) 
Doing the intermediate integrals as for bosons this can be written 

k 

J n-^*AV;,,exp(-6.|vI/, - Q,(Ai.-0*o,L-^lk) (^^g) 
exp (-(§0, {De„ (AlO + mo)*o)) F(*o)rf1'o,Ao 
Next scale Vo = V'l'= for V' on T]^'-^M-k^ and define ^(A) = Qi{ALk-i)a'l^\ Then ((TU^ is written 

/ U^sIa (-^'1^' - Q?'\^Ma.) exp (-(V^, (i^e.(A) + mfe)^)) /(^)dVL-Ao (110) 
where fitp) = F{%l;i^u). Here 'I'o^A'^ appears as V^l-^a- = (*o,as)l-*^- 
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Next introduce 



(Ill) 



and define 



(*',*') = (112) 

1=1 

We also define b = (61, • • ■ ,bk) and Mj^ ^ = JliLi ■^SA, br Then H110() is written 



■^A,b ^'^P - Qk.Ai-^)^^ bi^' - 2fe,A(^))V^) j exp (-(^, (i^,, (^) + m,)^)) fWdi;^^.^,^ 

(113) 

Again we diagonalize the quadratic form. Let 



DfiA) = D,,{A)+m, + Qfe,A(-^)'^bQ,,v(^) 



(114) 



This operator is invertible on L '^Aq under certain assumptions on A and A which we explain in the 
next section. Assuming it is invertible we define with ^ = ('I'o,a<: , 'S'') 

\AM)=[^fM)]Z-Ao 
^^^(-4)* =^fc,A(-^) (2fcA(--^)^fe*' - [DeAA)]AM^A^) ||a=L-Ao 

'^kM^^^^^kA^^f {Q,^Ai-^fi>^' - i[DeAA)W.Af^A^) ||a=L-Ao 
(*,D,,v(^)*) [b-bQ,^Ai-^)S, AiA)Q,j,i-Afb] *') 
+ (^Ac,[7^,,(^)]A.,A5,A(^)Qfc,A(--4)^6*') 

+ (Q,,A(^)^b*>, ,v(-^) [i?e.(^)]A.Ac]^AO 

+ (^A<=, [{De^{A) + rUk) - [De^{A)W,AS^^ A(A)[DedA)]A,A^'\ ^/-A^ I A=L-'^ Ao 

Now make the change of variables tpL-''Ao ^ i'L-''Aa + '^k a('^)'^- Then (|113|l can be written 



(115) 



Z^j^{A) exp(^-(*,r>^ ,^(^)*)j j f{^ + n^j^{Am dA.^^^(_^^(^i-.Aj (116) 

where 

Zk,A^A) - j X^'^exp (-(t/Ja, [S^ j^{A)]-^^a)) dV'AlA^L-^Ao (117) 
Our final identity is then p(J8|) = (|116|l . In case F = 1 it says 

/ n ^*J.A.-^Z-iA;.,f,exp [--^ll-j + lX - Q{QoAl^.-,)^ exp (-(*o, (£'eo(^LO + mo)*o)) 



^fe.A(-^) exp -(*,D,^(^)vI/; 



(118) 
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3 Propagators 



3.1 definitions 



In this chapter our goal is to show that the propagators on 



(119) 



exist and get estimates on their kernels. The basic tool is a multiscale random walk expansion. The 
expansion for Dirac operators was developed by Balaban, O'CarroU, and Schor lA^ based on earlier 
work of Balaban [7], |H|- We give expansions both for Dirac operators and Laplacians. For Dirac 
operators we follow rather closely, but nevertheless have to go into considerable detail to get 
results in the exact sharp form we want. (In addition the numerous misprints in 14 make it difficult 
to quote results directly.) 

We start with some definitions. To construct the inverses we need to respect the structure of the 
averaging operators = {Si'^^(OI<5Ai}- Now {QiA)sAi depends on A in the set L~^Bi5Ai and 

hence the scaled version {Q[''''A)sAi depends on A in the set SA^'^^ given by 

r L-^(Ao-BiAi) 1 = 1 

5Af ^ = L-''B,SA^ = I i-'=(B,_iA,_i - B,A,) l<i<k (120) 
[ L-^Bk-iAk-i i = k 

Here for A^ C T^_,_^^_ - the set BiAi C ^%^m representative in the original unit lattice, which is 
then scaled down to L~^BiAi C T^^^^_j,. Since we have assumed that A^ is a union of LMq blocks, 
BiAi is a union of i'+^A/g blocks, L^'^BiAi is a union of L~'^+'+^Mo blocks, and 6A^l^^ is a union of 

blocks. The separation condition H92(l insures that (5A|'^-' is at least a few layers wide. 

p— 

'■N+M-k 



We have the decomposition of L '^Aq C '^^'^M-k given by the disjoint union 



L-% = QMf) (121) 



Let B° be the L-'-'^-'^Mq blocks in JAf ^ denoted □, and let B° = U^^il])°. Then 

k 

L-'Ao^u y □= y □ (122) 

1=1 DgD? DeDO 

which is a partition of L~^Aq into blocks of various sizes. Actually it is convenient to modify this by 
taking (for i > 2 ) tq layers of L~'^^~^'> Mq blocks in ^A^^ along the boundary of L~'^i?i_iA,;_i and 
further subdividing them into L^^'^^^+^^Mg blocks. We assume that rg is some fraction of r so that 
we do not exhaust SA'/'K Let be the new L~^^~^^ Mq blocks. These are either in SA^^ or 5A|^\ 
and we have 

k 

L-^Ao = y y □ = y □ (123) 

We will need partitions of unity concentrated on the sets □ G D. First take a smooth function g 
on R'^ so g has support in {x : |a;| < 2/3} and g = I on {x : \x\ < 1/3} and X^nez^ di^ ^ '^)^ ~ ^■ 
Then if □ is a block in the interior of IJneD ^ centered on y G '^'n'+m^-X"^" ^ define 



k — i 



ha{x) ^ g { {x ^ y)^ ] (124) 
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Then for x well inside IJggD '— ' 

Y.ha{xf = l (125) 

□ gd 

For □ G Di blocks touching blocks the scalings do not match. We require in this case that the 
definition of h\j{x) be modified on any boundary face by taking the scaling L''^^^^^^ /Mq instead of 
L^-'/Mq. (If □ C 5A.f^ touches Ag take L'^/SMq.) Then ^7^) holds for all x e L-'^Aq. 
Note that haha' = unless touch. 

We also define some enlargements of each L^'^^^^^ Mq cube □ e D^. We set 



□ ^iM^L-^-'^'> cube centered on □ 
□ («) =(1 + 2n)riMoL-^''~''^ cube centered on □ 



(126) 



for some ri < tq. We have supp /iq C □ 

k 



Finally we introduce some modified distances on T^'^^^ ,^ For long distances we use 

,(fe) 



dj^{x,y)^ M ^L'^-^lrnMf^l (127) 

i—1 

This is a genuine metric which weighs earher regions more heavily. For short distances we use 

This is not a real metric but it does satisfy the triangle inequality, and it does scale like d{x, y). It is 
relevant because of its appearance in estimates like (I29ll . (|53|) . 

We note the following estimates on integrals in ^^^M-k- usual / dy[- ■ ■] = J2y L^'^'^l ■ ■]■ The 
estimates refer to L~('^~*) blocks A, smaller than the i~'^'^^*'Mo blocks □. 

Lemma 1 Let A be an L^^*^^*) block with 1 < i < k and let < a < 3 

[ d'{x,y)-°'dy < C>(i-(3-")(fc-»)) (129) 

J A 

d'ix,y)-°'d'{y,z)-°'dy < 0{L-^'^-°'^^^''^)d' {x, (130) 
d'{x,y)-^d'{y,z)-^dy < 0{L-(''-''>)d' {x, z)-^ (131) 



A 



Proof. For the first estimate note that if x is well outside A then the integrand is bounded and we 
get 0(L-3(fc-*)) suffices. If a; is in or near A enlarge A so it is centered on x and still has sides 

©(i^'^'''^'-'). The point with y ^ x contributes ^-(3-")'= which suffices. Points with y ^ x can be 
dominated by the integral /|y|<o(i-(fc-.)) Ivl'^dy = C(L-(3-")(fc-')). 

For the second integral we split into two cases. The first is d'{x,y) > d'{x,z)/2. Use this in the 
first factor and then (|129|l gives the result. The second case is d'{x,y) < d'{x,z)/2. In this case we 
have by the triangle inequality that d'{y^ z) > d'{x, z)/2. Use this in the second factor and again use 
(|129ll to obtain the result. 

For the last inequahty regard the integrand as the product of d'{x, y')^^d'{y', z)^^ and d'{y\ z)~^ 
and use the Schwarz inequality. 
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3.2 fermions 

The random walk expansion for 5^, \ {A, x, y) has the form 

S^j^{Ax,y)^ J2 S,^j^JA,x,y) (132) 

ui:x — >y 

Here we are smnming over paths lo each of which is a sequence of adjacent cubes (blocks) Do, . . . □« 
from B. Equivalently a path w is a sequence of links ((Do, Di), (Di, 02), • ■•,(□«-!, □«) and the 
adjacency condition is that that □^,□^+1 should touch, possibly only on corners, and including the 
possibility Oj = Dj+i. The notation lo : x ~* y means x e Dg, y G Dn- We let = n be the number 
of links. If = then there is just the single square Dq- 

Theorem 1 Let A satisfy 

\dA\ < CL3('=-*)/2p(e,) on 5Af ^ (133) 

for some constant C andp{ei) = log(e^^)P. Let AIq be sufficiently large and let e^ be sufficiently small. 
Then S'^ \ iA, x, y) exists and has the random walk expansion | iA'iJ) . We have the bound for each path 

\Sk,A.M^^^y)\ <0(l)(0(l)Afo-^)l"ld'(x,y)-2exp(-0(l)d^(x,y)) (134) 
and the bound for the full propagator 

\S, j^iA, X, y) <0(l)d'{x, yr^ exp(-0(l)d^(x, y)) (135) 
Ln addition Sf^^^{A) and S^^{A,x,y) are gauge covariant, and S^^ji^^^A) depends on A only in 

Remarks. 

1. In cxp{~0{l)dj^{x,y)) the 0(1) is independent of AIq. 

2. There is no condition on A itself, but only on dA. This important feature follows from the gauge 
covariance as we will see. (And actually a condition on the field strength F = dA would suffice.) 

3. It is possible that A is a sequence of the full tori, i.e. A^ — T^j^jyj_^. In this case d^{x^y) — 
d{x, y) and we have the result (|53|) for Sk{A, x, y). 

To prove the theorem we need a result for a single block. 

Lemma 2 Under the same hypotheses for each block □ there is an operator {A) = S'^^ {A) 
such that for a; G □ 

[(d,M) + + S,..A(-^)^b 2fc.A(^)) Sh{A)f) (x) - fix) (136) 
and for all y G □ 

\S*aiAx,y)\ < Oil)d'{x,y)-^eM-0{l)dj^{x,y)) (137) 
In addition S^{A) is gauge covariant and depends on A only in D^^^ 
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Assuming the lemma we have 

Proof of theorem^ 

Part I. We define a parametrix on L^'^Aq 

S*{A) = haS^i-^)ha (138) 

□ 6D 

Then thanks to ifT^ and lfnB|l 

(^De,{A) + mk + Q,^ j^{-Afb Q.^aC-^)) S*{A) = I - Y,RniA)S^{A)hn ^ I - R (139) 

□ 

where 

Rn{A) = - [(De, (A) + mfe + Q^ Ai^Afb Qk^-^)) ' ^ ^^^"^ 

The inverse is now 

oo 

Sk.Ai^) = S*{A)iI R)-' = S*{A) ^ R" (141) 
provided the series converges. This can also be written 



n=ono,ni,...,n„ 



(142) 



In the last step we identify the random walk expansion by noting that the term vanishes unless all 
pairs DjjOj^i are adjacent. The kernel S ^{A, x , y) vanishes unless x £ supp h^^^ C Dq and 

y G supp ha^ C The gauge covariance of S^. ^ ^{A) follows from that of S'g(^) and R^{A), as 
docs the A dependence. 

Part II. To estimate this expansion we need the following bound. For □ £ 

\iRa{A)S^{A)){x,y)\ < O (^^) d\x,y)-^ eM-0{l)dj^ix,y)) (143) 

To prove it we write Rq = R^ + i?g where i?g = -[D^^,ha] and i?g = -[Q^^^^fc A' '^□l • ^e 
have explicitly 

(i?g(^)5a(^))(x,2/)=^7.,.'i'e"'=^"^^"'"'n/in(^)-/in(2;'))5&(a:',y) (144) 

x' 

where the sum is over nearest neighbors of x. The result now follows by 

L''\ha{x) - haix')\ < sup \dha{x)\ < O (^) (145) 

and l(T?7|) and d'{x',y) > d'{x,y)/2 and d^{x\y) > d^{x,y) - 1. 
For the other term we have from (|37|l on T^^AZ-i 

{Q^{-AfhQ,{A))){x,x') = exp (ie,^(f,,[,] uf[,],,0) xiW - Nl < 1/2) (146) 
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on T"'' 



where [x] is the unit lattice point at the center of the block containing x. Then for the scaled version 

-k 

N+M-k 

=L2(fe-05^ exp ^c^Al.-. (...)) xiW - Nl < L-e^-'Vs) 



where now [x] is the L '^^ lattice point at the center of the L ('^ block containing x. Now 

□ C t 
from 



□ C 5kf^ U (5A,[^\ and the same is true for supp /in C □. Hence the only contribution to comes 



(q .( AfbQ ,(A))(xx')-l iQ^H-Arb,Q^\A)){x,x') 

We concentrate on the first case, the other is similar. Then 

{R^{A)S^{A)){x,y)^h I L^^''-'^ e^-p^^e^AL.^-.^. . .)) {ha{x) - ha{x'))SUx' ,y) 

J\x'-[x]\<L~'-''-i) /2 

(149) 

Now since \x - x'\ < L 

\ha{x) - ha{x')\ < L-'^^-') sup \dha{x)\ < 0{Mq^) (150) 

X 

we obtain 

|(i?g(^)5a(^))(a;,y)|<0 — — / d' {x\y)-^ eM~0{l)d^{x,v)) 

\ / J\x'-\x\\<L-if'-^) 12 



k-1 



<0[^]cM-0{l)d^(x,v)) 



(151) 



In the second step we use (|129ll . Since d'{x,y) < d^{x^y) + 1 the result follows. 

Part III. Now we estimate the expansion. Besides the partition (|122|) we can also partition L^'^Aq 
into smaller blocks A of size L^^^^^^i in 5h!f'\ Then for lo — (Do, . . . , □«) 



A, A„"'Al "'A" 



{huoS'^,,{A)huo){x,xi){Ru^S'^^{A)hu^){xi,x2) ■ ■ ■ {Ra„S^JA)haJ{xn,y) 

We can restrict the sum to Aj intersecting both Qj-i and Dj. Now use the estimates (|137|) . (|143|) to 
obtain 



\S,^JAx,y)\<{0{l)Mo)-n I rf^i---/ dx 

A, A^-'Ai JA„ 



Ai,...,A„ 

(d'{x, xi)-'e-'^^^)'^A(---^)) (i'=-^d'(xi, :r2)-2e-^(^^'^A(---^)) . . . d' {x^,y)-^e-''^'^''A^'^-'y^) 

(153) 

Here ij is chosen by G D.;^. Now use ^^(xijXi+i) > (^^(Ai, A^+i) — 2 where the distance is from 
the center of the cubes. Then repeatedly use the estimate 

L^-'^ [ d'{xj^i,Xjy^d'{xj,Xj+iy'^dxj <0{d'{xj^i,xj+iy'^) (154) 



24 



which follow from (|130|l . Here we use that Dj is contained in SAi. U SAi^^i, hence so is Aj and hence 
it is either a L"^^^*^) or a L"^^"*^"!) block. We also use the estimate 

^ ^-o(i).^(..A,)^-o(i)<i^(A„A.) ^-o(i).^(A„,,) ^ ^^^^^^„ (-O(l)dA(^- y)) (155) 

Ai,...,A„ 

For this see |7], lemma 2.1. These estimates yield the bound on Sj^ ji^ ^{A, x,y). For the bound on 
Si^^{A,x,y) we sum over paths. The factor {0{l)Mo)~" is sufficient to control the sum if AIq is 
sufficiently large. 

proof of lemma |2] 

part I. We need to invert (^De^{A) + ruk + Qj, A(^-^)^^^k a("^)) '-'"^ ^ single block. Inverting with 
straight Dirichlet boundary conditions makes it awkward to get estimates, so we use a kind of soft 
Dirichlet conditions, following ^| and the construction of the theorem. 

Given A we take a fixed cube □ C T^^j^j_f.. Then define a decreasing sequence of cubes 

f2(n) = (r!o(n),...,r!fc-i(n)) (i56) 

with r2j(n) C reverse order they are specified by 

Vtj =0 i > i 

i7,_i(n) =[/,_iL'=n(3) ^^^^^ 

n^iU)) ^nMo J =1-1.. A 

where the cube L~^ri^_]^(n) is required to be centered on il.j{0). {li i = k then = 0.) 

Now with Snj{a) = i-'^(Bj_ifij_i(n) - B^njin)) we have for j = 1, . . . , fc 

snf\a)=9 j>i + i 

sn\'^,{a)=a^'^nL-'B.A, ^^^^^ 

Here we use that L^U\'^'^^ is a IriM^L"^ cube and so has the form Bi\3 for some ItiMq cube □ and 
hence B,U^ = / on this set. We have also used d{BiX,BiY) < Ld{X,Y) and {BiXf = BiX". We 
note that 

i 

d{L-''no{ny, n^^)) < ^ L-^^-'\iMo < 2riMoL-^^-''^ (159) 

which implies that L'^VloiU) C D^^l 
We now define 

=S^(^nM) = [i5e,(^) + m, + Qf2(n)(-^)^bQf2(n)(^)]^'^^^^^^ (160) 

if it exists. 

Before considering existence we prove that (|160|) satisfies (|136|) . It suffices to show that for a; G □ 
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Recall that □ C SAf'^ U SA'iI\. If a; e □ n (5A|^\ then xeDD L-^Biki C 5n,+i{n) and the left side 
of (jTMl is {Qf^^{-AYh+i Q,\'2^{A)f^ (x) which agrees with the right side of If x G DnMf ^ 

then a; e □ - L-^B,K, C 5Q.,{U) and the left side of fTHT|) is ^Qf Q-''^(^)/) (x) which 

agrees with the right side of (|161|l . Thus is true. 

part II. We are going to treat S*^ g (0) first and we start with some definitions at ^ = 0. Let Sj = Sj (0) 
and Qj = Qj{0) and S-'^^ = cr^l-jSj {o^l-j)'^ which is the representation of Sj on '^^^M-k- have 



(162) 



and the bound from H53I) 

= \L''^''-^^S,{L''-^x,L'^-^y)\ < 0(l)d'(x, y)-^ exp(-0(l)L'=-^d(x, y)) (163) 
We also consider the mixed operator for suitable Y C 



[Sf\ = [ D{0) + m, + [Qf^' h, Q^P ]yc + {QS^li Q% ]y j (164) 
This has the alternate representation from jl4| . 



(165) 



To estimate this we take the bound from 14 for z,w G 

b 



1 



(z,?z;)| < exp(-0(l)d(z,w)) (166) 



X 



Then the expression in parentheses in H165|l has a kernel which is 0(\)d' {x,y) ^ exp(— C'(l)(i(x, y)). 
(Even without the short distance singularity for the second term.) Thus after scaling we have again 

\[sf^]Y{x,y)\ < 0{l)d'{x,y)-'exp{-0{l)L''-^d{x,y)) (167) 



part III. Now we show (0) exists and get an estimate on the kernel. First define a parametrix on 

S*iD)^ J2 ha'S*{a)ha' (168) 

□'cD(n) 

Here ©(□) = UjDj(n) is a partftion of of L-'^noiD) = Uj6nf \a) defined by dividing Silf ^D) into 

cubes of size L^^^~^^ Mq and then further subdividing cubes touching (5r2^^\(n). Then %(□) is the 

set of new L-('=-J)Mo cubes. These are contained in SVlf^ U S^fl^. We define S^,{n) as follows. If 

□' e Oj{U) and (D')^^^ does not intersect L-^Bjnj{U) then we define Sf^,{U) = sf \ More generally 
we define 

5# (□) = [sf^Y Y = {n'Y^^ nL-''B,nj{n) (i69) 
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This use of whole lattice inverses would not be suitable for ^ ^ since it would not be local in A. 
Then S^,(0) provides a local inverse in the sense that for x G □' 

((De,(0) + m, + Qn(D)iOfbQ^iD)iO)) S^{a)f) (x) = f{x) (170) 
Check this as in (|161|l . If □' £ and x,y eD' we have from (|167|l 

\S*in)ix,y)\ < Oil)d\x,y)-^eM-Oil)d^^a^{x,y)) (171) 

Now we compute 

[D^M + mk + QhiD)^Qnin))s*(D) = I - ^i?#(n)5# (□)/!□, ^ / - R*{n) (172) 

where 

R*iD) = - [(i^,,(0) + 77ifc + Q^^^^b Qo(n))''^n'] (1^3) 
The inverse on L~^Qo{n) is then 

5£(o) = s*{a){i - R*{a))-^ = s*{a) ^(i?#(n))" (174) 

Tl = 

if it converges. This can also be written 

00 

^□(o)=E E (/^□o^^o(n)/iDo)(<(n)^^,(n)/inJ ••■(<. (□)^^„(n)'^nJ (i75) 

n=0 □o,ni,...,D„ 

Convergence is demonstrated just as before and gives 

\S^iO,x,y)\ < 0{d'{x,y)-')exp (^-0{l)df^^a^{x,y)) (176) 

Now consider x,y £ L~'^f2o(n) C D'-^\ Assuming 5ri < tq we have D^s) C M^*"^ U dA\% Then 

rfO(n)(a:,2;) > 0(l)i(^-')d(x,2/) > 0{l)dj^ix,y) (177) 
and we have the result p37|) we need. 

part IV. We continue to consider □ e D.; and now study S^{A) for A 0. At first suppose that 
instead of the bound on dA we have for some C 

\A\ < CL'^^-'^'^p{e,) on 5Af ^ (178) 

The same bound holds on ^A^-'^'' U 5K^^^ since p{ei+i) < p(ei). Hence the bound holds on Q^^' and 
hence on L~^VIq{\I\)^ the region we are working in. 
Let 

va{A^) = [D,M) + mk + Qn(n)i-^fbQ^i,0)iM 

-[D,M)' + ^k + QiHu)i-^)^bQ^(n)^X)] ^^^^^ 

Then S^{A) exists if the series 

Sh{A) = Sm ( {va{AQ)SmT] (180) 

\n=0 / 
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(183) 



converges. 

To show convergence we need to estimate the kernel {v\j{A,0)S^{Q)){x,y). Again there are two 
parts coming from va{A,0) = ^□(„4, 0) + v^{A,0). For the first term 

(^;S(A0)5S(0))(:^,y)=E7-^'i'(e^^'=^"■'^""'^-l)(^a(0))(^^y) (181) 

x' 

which is bounded by 

\{vS{A,0)Sm){x,y)\ <0(l)efcsup|^| d' {x,yr^ exp{-0{l)df^^a^{x,y)) 

<0{l)ekCL('~'^/^p{e,) d'{x, yY^ eM-0{l)d^^uM, y)) (182) 
=0{l)CL^~'e,p{ei) d' {x,yr' exp{-0{l)df^^^^{x,y)) 

The second term has the form for x G (5il^'^''(n) C L^'^57o(n), j < i + 1: 

iv^{A,o)sm)i^^y) 

=L^^''-% I (exp(je,„4i.-.(f,,[,] Uf[,],,,) - l) | {Shim^' ,v) 

The contour has length bounded by one and so we have bound 

I (exp(iejVlifc-, (. . . ) - 1) I < sup {Al^-j \ < CL-'-'-^^/^ejp{e,) < 0(l)Ce,p(e,) (184) 

and hence 

\iv^iA,0)Sm)i^^y)\ <0(l)CL2(fc-^")e,p(e,) / d'(a:, y)-^ exp(-0(l)df^,n (x, y)) 

J\x'-[x]\<L-ii'-ii/2 ^ ' 

<O(l)CL^-^e,p(e0 exp{-0{l)df^^^^{x, y)) 

(185) 

Combining the two bounds we have for x e 6nf^ (□) 

\{vo{A,0)S^m{x,y)\ < 0{l)CL'^-^e,p{e,)d'{x,y)-'exp{~0{l)df^^a^{x,y)) (186) 

Now we can estimate the expansion. Dividing Snf^ (□) into blocks A of size L and hence 

L^'^flo{0) into blocks of various sizes we have 



SniAx,y)=^ ^ / dxi... dxn 



(187) 

{S^iO,x,xi){vaiA)S^{0)){xi,X2) ■ ■ ■ iva{A)S^iO))ixn,y) 
We use our estimate H186f) as well as (I154II and (I155|l and find 

\S*aiAx,y)\ < (f^iO{l)Ce,p{e.)r] d'{x,y)-' eM-0{l)d^^a)i^,y)) ^^^^^ 



\n=0 



< 



0{l)d'{x, y)-^ exp(-0(l)df^(n) (x, y)) 

Here we use that < Cfc is assumed sufBciently small. By H177|l we can replace exp(— 0(1)^^^^^ (.t, y)) 
by exp(— 0(l)(i^(x, ?/)) to complete the proof in this case. 
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part V. Finally we extend the result to the case la^^ll < CL3(*=-*)/2p(e,) on (5Af \ and hence the same 
bound on L-'^QoiD). Instead of ifTHUjl we use 

S*a{A) = S^iA) ( £ {vu{AA)S^{A)A (189) 

where A is the average of A over i^'''Oo(n). Now A is pure gauge and can be written A — dX. and 
Since the propagator is gauge invariant we have 

S*aiA, X, v) = e-^'='=^(-)5a(0, x, y)e— '•^fe) (190) 

which satisfies the same bound (|176|l as S'g(0, x, y). Also 

|yl - ^1 < llriMc^L-^^''^ sup < C"L('=-*)/2Cp(e,) (191) 

for a new constant C". This is a bound of the form we assumed on the field in part IV. One can then 
show that va{A,A)S^{A) satisfies the same bound (|186|) used in part IV. Thus we can repeat part 
IV with the same result. This completes the proof of the lemma and the theorem. 

As a corollary we consider perturbation by a complex background field A! . We need a bound on 
A' itself, not just dA' . 

Corollary 1 Let A he real and satisfy \dA\ < CL'^^^^^'^/'^p{ei) on Sl^f'^ and let A' be complex and 
satisfy \A'\ < CL^^-'^^^p{e,) on SA[''\ Then S^{A + A') and S^j^ JA + A') and Si^j^{A + A') all 
exist, are analytic in A! , and satisfy the = hounds \13Ji}jj , \135]) . now with larger constants. 

Proof. It suffices to prove the result for S^{A + A')^ the others follow. We make the expansion 

Sh{A + A!) = Sh{A) iY,i^n{A + A!,A)Sh{A)T\ (192) 

The bound on dA gives control over 5q {A) by the theorem and the bound on complex A' can be used 
to show that v\j{A + A\ A)S^{A) satisfies ()186|l . Here we use also 

I exp(iiefcL-M')| < exp(efcX^'=(CL(''^*)/^p(e,)) < exp(Ce,p(e,)) < 2 (193) 
Now repeat part IV of the lemma and get the result. 



3.3 bosons 

The treatment for bosons is similar, but easier since there is no background field. The random walk 
expansion for the boson propagator has the form 

Gfe,A(^.2^)= E G,^Aj^,y) (194) 
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Theorem 2 Let Mq be sufficiently large. Then G^, exists and has the random walk expansion (^^j). 
We have 

\G,j^Jx,y)\ <0{l){0{l)M-')\'^\d'{x,y)-'eM^O{l)dj^{x,y)) 

,1 (195) 
\G^j^{x,y)\<Oil)d'ix,y)-'eM~Oil)d^{x,y)) 

Ifxe (5Af ^ then 

\9G,^Aj^,y)\ <0(l)(0(l)Mo-i)l-l(L'=-''d'(x,y)-i +d'(a;,y)-2)cxp(-0(l)rf^(x,y)) 
\dG,^j^{x, y)\ <0(l)(L'=-'d'(x, y)-' + d'{x, y)'^) exp(-0(l)d^(x, y)) 

The proof depends on the lemma: 

Lemma 3 Under the same hypotheses for each Dj block □ there is an operator Gq such that for 
x e □; 

((-A + ^^l + Qlj^aQ^j^) Gy){x) = f{x) (197) 

and for x, ?; G □ 

|G5(x, y)\ <0{l)d\x, y)-' exp(~0(l)d^(x, y)) 
|9G^(x, y)\ <0{l)iL'^-'d'(x, y)-' + d'{x, yy')) exp{^0{l)dj^{x, y)) 

Assuming the lemma we prove the theorem. 
Proof. The random walk expansion has the form 

oo 

'^fc.A^X! X! (^□oGno^no)(-^ni'^ni^ni) ■ ■ ■ (^□r.<^n„^n„) 



(198) 



where now 



Ra = - 



{-A + ^il + Ql^aQ,^j^),ha (200) 



We write Rq = + i?§ and estimate for □ e 

\{R^Gh){x,y)\ ^\{-Aha){x)Gh{x,y) + {dho){x)dGh{x,y) + id'^ha){x)d'^Gh{x,y)\ 
<0{1)M^' (L^^^-'W{x,y)-^ ^- L^-'d'{x,y)'^) exp(-0(l)d^(x, 2;)) 



(201) 



The same bound holds easily for \[R'^G'^){x,y)\ and hence it holds also for \{R.\jG'^){x^y)\. 

Now we follow the proof of theorem The only difference is in the short distance estimates which 
we modify as follows . Instead of (|154|l we have by p29|) , p3U|) , I131|) 

j (L2('=-^^)d'(x,_i,x,)-i +L*=-'^d'(x,_i,a;j)~') 

{x,,x,+i)-^ + L''-'^ d' {x.^xj+i)-"^) dxj (^'^^^ 
< 0{L^^''-'^'>)d'{xj-i,x,+i)-^ + 0{L''-'^)d'{x,^i,Xj+i)~^ 
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As we repeat this estimate we have to adjust the i in the factor i'^^' so that neighbors match. But 
since \ij — \ < 1 this costs at most ©(L^") which we can afford. In the last step since \i — io| < 1 
the inequahty is 

J (o(L"('=-*')rf'(a;i,y)-i +0(L'=-')d'(xi,?/)-2) dxi < 0{l)d' (x^y)-^ (203) 

The rest of the proof is as before and gives the resuh for G^, ^ ^ and Gj, . For the bounds on QG^, ^ ^ 
and 9Gj, ^ the last step is 

/ {L''-'d'{x, xi)-! + d\x, xi)-^) ( y)-i + I'^-'d' {xi,y)-^\ dxi 
7ai V ^ (204) 

<Oil){L''-^d'{x,y)-'+d'ix,y)-') 
to complete the proof. 

The lemma is proved in much the same way. One follows parts I-III of lemma |31 modifying the 
short distance behavior as indicated above. 
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A Averaging operators 
A.l bosons 

We consider the /c-step boson averaging operator defined recursively in (|12|1 by Qq = id and 

Qk+i ^ tl-^Q Qk TL (205) 

Then we have 
Lemma 4 

/ dA, A/-,7+\,>,:,\ exp ^-^\Ak+,,L QA^f) exp (-y l^fe - QkAL\') 
=AC,\,a.,, exp (-^l^fe+i - Qk+iAf 



(206) 



Proof. Shift the integration variable Ak —^Ak + QkAL, identify Qk+i, and then the left side can be 
written with $ = Ak+i — Qk+iA 



=const exp(-||$|2) ^ dAk exp (^-^{Q'^'^l, Ak)^ exp (^~^{Ak, {ak + ^Q'^Q)Ak) 
=const exp exp (^(Q^'&l, (a. + ;^Q^g)-^Q^$..)) (207) 



=const exp(--|$|2)exp( ^($,(afe + -2) i$) 



,2L2 

|2 "1 



=const exp (^-^^yi|<i>p 

Here we have used QQ^ = I and Uk+i = aak/{ak + aL^^) . Since the left side integrates to one, the 
right side integrates to one which means the constant must be M^^i ^j^^^ and we have the result. 

We also use a local variation of this result. Let A C T%j^M-k-i C "^Y^+u-k ^'^'^ the blocked 

set Si A C "S%+M-k- Then with A/'a.q = (27r/a)3|A|/2 ^e have 



JdAk,B,A A/^.a-^BiVa. ^xp (^-^\Ak+ix ^ QA^IL) cxp (-ylA- - Qfe-A^ 



(208) 



A. 2 fermions 



For fermions the multiple averaging Qfe(afc_i, . . . , gq) depend on fields ak-i, ■ ■ ■ ,ao all on 



and are defined recursively in H33I) by Qq — id and 

Qfe+i(afc, . . . ,ao) =<7l-i Qe^Qakx) Qk{ak-i,L, ■ ■ ■ , ao.L) ctl (209) 

Then we have 
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Lemma 5 



cxp {-hk\^k - Qk{ak-ix, • • • , aox)^^!') ^^^'^^ 
= ^k+i.bk+i (-fefe+i|*fc+i - Q/c+i(afc, • ■ • ,ao)'/'P) 

Remark. If we take aj,L = (ylj)^-(fc-3) for Aj on T^-^jy-j then we recover the version (|^ quoted 
in the text . 

Proof. First shift ^ "^k^ Qk{ak-i,L, ■ ■ ■ ,ao,L)V'L and ^k ^ '^k + Qk{-ak-ix, -ao,L)4'L 
and identify Qk+i{o-k, ■ ■ ■ , ao)- Then left side can be written with $ = ^'fe+i — Qk+i{0'k, ■ ■ ■ , ao)'ip and 
$ = - Qk+i{~ak, ■ • ■ , -ao)'(/' and A = Qkak,L ■ 

J d^-fcA^^^i .A^^]^ exp (^-^\^L-QeM)'^kf^ exp(-fefc(§fc,*fc)) 

/b b 
d^k exp(--(ge, ^-fc)) exp(--(^fe, Qe, 

exp(-(^fc, [6fe + Ag,^(-A)^Qe.(A)]vI/fe)) ^211) 

=const exp(-&($, $)) exp(-^(Qe, {Af^L, [bk + ^Qe, {^AfQ,^ (A)]"'Qe, 

52 _ ^ ^ 

=const exp(-fo($,$))exp( — ($, + -) 1$)) 

=const exp(-6A;+i (!•,$)) 

Here we have used Qek{A)Qek{—A)'^ — I and bk+i — bbk/(bk + bL^^). Since the left side integrates 
to one, the right side integrates to one which means the constant must be Ai^^i and we have the 
result. 

We also want to work out an explicit expression for Qk{ak-i, • ■ ■ , ao)- First for fc = 1 we consider 
2i(ao) = o'l ^Qeo (ao.L)o'L and compute it as 

((Qi(ao)'0)(y) =i"^ ^ exp{ieoao^L{TLy,x))ip{x/L) 

\x-Ly\<L/2 

e:xjp{ieQaQ^L{T^Ly.Lx))'ip{x) (212) 

\x-y\<l/2 

exp {ieiao{Ty^x)) ip{x) 

\x-y\<l/2 

Here we have used ei — L^^^eo and 

^L(ri) = xi/M(r) (213) 



For the general case we need some definitions. Recall that Qj maps from functions on Tpf\M-j 
"^N+M-j ^"-"^ j < k we also consider the scaled version cr^-(fc-3) Qjcr^k-j which is a map from functions 
on '^j/'^M-k to '^AT+A-Z-fc ^'^^ is ^^so denoted Qj. Also given y G T^+M-fe ^'^^ ^ ^ "^iv+AZ-fe ^i*^ 
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1^; — y| < 1/2 we define a sequence of points xq — x,xi, . . . ,Xk~i,Xk = y wliere Xj is tlie point in 

"^N+M-k such that \x — Xj\ < L"('^^^^/2. FinaUy let T^^^-^^xj be the standard contour in T^'^'^/^j: 
taking Xj to Xj+i. 

Lemma 6 

(Qfe(a/c-i,--- ,ao)V')(y) = / expNefcV(Qjaj)(r^^._^,,^^.) (214) 

J\x-y\<l/2 y j-^o J 

Proof. By induction. We know it is true for k = 1 and assuming it is true for k we compute 
{Qk+i{ak, ■ ■ ■ ,ao)il;){y') = 



fc-i 



(215) 



=i ^ / exp{iek{Qkak,L)(rLy' ,xk)) <^^P iefc y](Qjaj,L)(ra;^+i,xj ) ^{x/L) 

J\x-Ly'\<L/2 y ^.^0 J 

Now make the change of variables x = Lx' . Then Xj — Lx'^ and we obtain 
(Qfc+i(afc, • • • ,ao)-0)(y') = 

= / exp iek{Qkak,L){^ Ly' ,Lx') + '^^ky^{Qjaj,L){^ Lx',,Lx') ^'(a;') 

Jw-y'\<in \ U ^+ . y ^216) 

= / exp iefc V(Qjaj,L)(ri^' Lx') i'ix') 

J\x'-y'\<i/2 y j 

with 2;^^;^ = y'. Now we use (|213|l and Ck+i — L^^^e-k to write this as 

{Qk+i{ak,--- ,a.o)'ip){y') ^ / exp iefc+iV(Sjaj)(r^' _r'.) V'(a;') (217) 

J\x'-y'\<l/2 y J 

which is the statement for fc + 1 . 

B Perturbation identities 

Our goal is to prove the identity l|HT|) . We start with the recursion relation lf75|) for pX{t, ^fc, Ak) and 
introduce under the integral sign the characteristic function 

\P[tek)J V Pitek) J 

Here x is a smooth functions satisfying x = 1 on [—1/2, 1/2] and x = outside [—1, 1], and p{e) = 
[log(e~^)]P. This is a continuous function for i > if we set x{Afj.{x)/p{tek))\t=o — 1- The new 
recursion relation defines new functions which we call <J^{t, 'i>k,Ak)- Thus we have 



<y*k+i{t,-^k+i,Ak+i) = J dficMk) X (^- 

exp (-^\-i'k+i,L-Qe,iQkiAk+i,L + tAk))'fk\^ ] a*k{t,^k,Ak+i,L+tAk) 



(219) 



(tefc) 
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The starting function for A: = is again exp(— (5'o, (DegiAo) + mo)^'o))- One can show inductively 
that fT^(t, ^'fc, -4fc) is a bounded analytic function of on a neighborhood of the real axis, and that 
it is a continuous function of i > 0, smooth for t > 0. 

Lemma 7 The derivatives o/ (T^(t, ^tj,, ^j.) at t — exist and are equal to those o/ ^j,). 



Proof, (after jl^) We suppose it is true for k and establish it for k + 1. The point is that the 
derivatives of xiAk/p{tek)) do not contribute, and we focus on this aspect. 

Consider the first derivative of cr^_|_i(i). Since it is continuous at zero we can find the derivative at 
zero by taking the limit from positive values. The contribution from the characteristic function has 
the form 



hm / d^k dficJAk) M 
t-o+J dt \p(tek)J 



-1 

fc+1,6 



exp (^--^|*fc+i,L -Qe,(Qfe(A+i,L al{t,^k,Ak+i,L+tAk) (220) 

= hm / dpcMk) 4x(^)/(i, A) 
t^o+ J dt p(tek) 

where f{t,Ak) is a bounded continuous function. We must show that this limit is zero. 
Now 

d f Ak^^,{x)\ , f Ak,f^{x)\ Ak,f_,{x) -pt^^ 



dt^ { p{tek) J ^ \ p{tek) ) p{tek) p{tekY/P ^ ' 

is 0{t^'^) which is not sufficient by itself. However the integrand vanishes if |74fe^p(a;)| < p{tek)/'2, for 
all x, p. Thus the expression is dominated by 

Oit-^)J2 f dficMk) <O{t-^e-P^"^''^)^ (222) 

x,fi J\Ak,^(x)\>p(tek)/2 

Higher derivatives can be treated in the same way. 

Next assuming ek\dAk\ is sufficiently small we may define cr'(t, i/'fe(A), A) by 

<7^(i,*fc. A) - Zk{Ak)eM-{^k,Dk{Ak)-^k))(Tl{t,-^k.MAk).Ak) (223) 

Then cr'(t, tpk{Ak), Ak) and /c'(i, V'fc(-4,fc), A) have the same derivatives ait — Q. In particular 
K)"(0)/2 = (P^)"(0)/2 = P,.^ 

Now we can prove (|81|l which we repeat: 

Lemma 8 Let ek+i\dAk+i\ he sufficiently small. Then 

P,+ i(*fc+i,V'fe+i(A+i),A+i) 

. r 



[PjTi^iA), [Vfe+i(A-+i)]L, A) - (A^^^PO+(*(A, [V'fe+i(A+i)]L, A 
I f ~ 1 

- Jk{z)Ck{z,w)Jk{w) - - 



Jk{z)Ck{z,w)Jk{w) - ^ j Jk{z,w)Ck{z,w) (-224) 



/ X! ^)'^kiA; X, y)Kk{w, y)Ck{z, w) 

•J z.w „ 



A=Ak+i,i 
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Proof. In H219|) insert the expression (|223|l for cr^(t, 'i'k, Ak+i.L +tAk)- This representation is possible 
because ek\d{Ak+i.L + ^"4^)1 is small. The first term is small by our assumption and the second term 
is small by the characteristic function since 

tek\dAk\ ^ tek\dHkAk\ < O(tefe) sup |^fe| < 0{tekp{tek)) (225) 

Next we carry out the steps in section Fl.GI These were formal for p* but are now rigorous. This yields 
instead of 

*fe+i7 V'fe+i (A+i), A+i) 
d^ir,iA){-^k) dficAAk)x (^^) exp{-Vk{^,<f{A) + <fk,A,tAk) - Uk{A,tAk)) (226) 
a'kit,^{A) + -^k, [^Afc+ilA+Oli + V'fe(^) + ^Hfc(AiA)(*(^) + *fc), A + tAk)\ *=*,+i,^ 

A=Ak+i,L 

Now take two derivatives at t = 0. The derivatives of xiAk/p{tek)) do not contribute as we have 
explained. The derivatives of cr',cr*^]^ give Pk,Pk+i, and the derivatives of Vk give Jk,Kk. The 
details are explained in the text. 
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